We investigate the performance of an evanescent-field fibre sensor made from standard single-mode optical fibre with a tapered cladding region, upon which a thin attenuating material coating is deposited. Our method involves calculating the supermodes of the complete core-cladding-coatingair structure locally at each point along the taper and studying the evolution of the supermode guided power along the sensor. We compare our results with those from a numerical finite difference scheme and also use them to interpret experimental results obtained for a taper with a thin layer of sulphur deposited by electrical discharge in an atmosphere of SF 6 .
Introduction
An important class of sensors is based on evanescent field changes due to chemical substances deposited near the core of a single-mode optical fibre [1] . In this paper we consider both theoretically and experimentally the properties of such an evanescent field sensor on which an absorbing material coating is deposited in a thin layer. This sensor is fabricated from standard single mode fibre.
The protective jacket is stripped to expose the cladding, which is then etched using hydrofluoric acid to produce a slowly-varying, approximately adiabatic taper along its length, with a minimum cladding radius approaching that of the core. Intuitively, the most sensitive region of this device is where the cladding is thinnest and hence the evanescent field of the fibre-core modal fields are strongest. Fig. 1 shows schematically the structure of the tapered sensor before deposition of the coating. The tapered fibre is very fragile, but if appropriately mounted it can be made into a fairly robust sensor.
The sensor was originally devised to detect the deposition of a dielectric film in a low-pressure environment. We consider the effect of a thin uniform coating of sulphur deposited around the tapered fibre. The properties of this film depend on the structural form of the sulphur, and, therefore, on the method of deposition. In general, though, sulphur has a higher refractive index than the fibre and a relatively high absorption coefficient. Accordingly, we model the coated fibre with the piecewise step refractive index profile illustrated in Fig. 2 We can understand qualitatively the effect of the sulphur coating on propagation of the fundamental mode along the tapered fibre in terms of mode coupling. It is well known that when analysing a hybrid waveguide structure, such as a coupler, it is possible to find the modes of the individual guiding subprofiles (two fibres cores in the case of a coupler) and then apply a perturbation approach to determine the coupling between them [2] . In the tapered sensor described above, there are two guiding subprofiles, shown in Figs.3 and 4, which consist of the core-cladding-air and the cladding-sulphur-air respectively. The fundamental mode, which is localised in the core, can couple power across to the annular sulphur coating and thus to the 'coating' modes which are then attenuated by the absorption of the sulphur. The different cross-sections and profile of the core and the coating layer mean that strong coupling will occur at certain resonant wavelengths.
In terms of the transmission spectrum for the fundamental core mode, this is equivalent to dips appearing in the spectral response of the sensor.
This coupled mode analysis would be accurate in the limit of greatly separated guiding substructures. Our tapered sensor is not in this regime, however, as the inner radius of the sulphur layer approaches the outer radius of the core at the midpoint of the taper. The coupled mode analysis accordingly becomes less accurate, and we therefore consider the modes of the complete core-cladding-coating-air structure which we call supermodes. We assume weak-guidance, so that the fields and propagation constants of the supermodes are determined by solving the scalar wave equation across the whole structure, as described in [3] . We assume that each region of the taper is of uniform refractive index, in which case it is equivalent in structure to the step-wise matchedcladding fibre in [3] . We can then determine the local supermode fields and eigenvalue equations analytically, from which follow the propagation constants. The tapering introduces coupling between these supermodes, which we can quantify following the analysis in [2] .
In the following sections, we set up the mathematical model for the problem and present the method of solution of the local coupled supermode equations. For comparison, we also use a numerical simulation of propagation through the complete tapered fibre using the beam propagation method (BPM). We then compare the results of both methods with the experimentally measured results.
Model
In the absence of an accurate measurement of the complete refractive index profile of the fibre and the precise taper shape, we adopt, for simplicity, a refractive index profile which is a piece-wise step function across the core-cladding-coating-air structure, as depicted in Fig. 2 . In this model, the core has uniform refractive index n co and constant radius ρ, and the cladding layer has index n cl and outer radius e = σ(z)ρ, where σ(z) is a dimensionless linear function of the distance, z, along the fibre, imitating the taper shape. The deposited sulphur coating has index n dep and an outer radius of τ (z)ρ, where τ (z) is a second linear function of z, beyond which is free space with unit refractive index. The coating has a constant thickness of d = (τ (z) − σ(z))ρ. The core and cladding materials are assumed to be non-absorbing with real refractive indices, while the coating is assumed absorbing, with complex refractive index n dep = n (r)
dep , where superscripts (i) and (r) denote real and imaginary parts, respectively. The imaginary part of n dep accounts for both absorption and scattering in the coating.
Source Representation
In the following applications, we model a focussed laser source on the endface of the slab or fibre by assuming a coherent source with a transverse electric field distribution, E s . We also assume that E s includes the effect of reflection from the endface and has an approximately Gaussian distribution
where s is the spot size, and A(φ) is the amplitude as a function of the azimuthal co-ordinate φ, which is constant for excitation of the axisymmetric modes, and has the form
for second-order antisymmetric modes where C is a constant.
Parameter values
The parameter values are based on the data from the experimental results. The experiment used standard single-mode optical fibre with a nominal core diameter of 3.8µm and cladding diameter of 125µm, which was immersed in hydrofluoric acid and tapered down to a diameter of about 6µm
and back up again, with the core radius remaining constant over a 6mm length of fibre. The core index, n co = 1.4616, and the cladding index n cl = 1.4571. A thin layer of sulphur (of the order of a micron) was deposited around the outside of the cladding during several electrical discharges in an atmosphere of SF 6 . We ignore any asymmetry introduced by the deposition process, assume a coating thickness of 0.6µm and taper down to 1µm from the outer radius of the core.
Sulphur in the solid phase can take many forms [4] , so it is difficult to estimate accurately values of the real, and, in particular, the imaginary components of the refractive index. It may not be accurate enough to assume a single form of sulphur during deposition. Relaxation, and other chemical processes can occur. In general though, the real and imaginary parts of the refractive index are higher in the blue than in the red part of the spectrum, the variation of the imaginary part being much more marked than the real part. Following the results of Sasson et al. [4, 5] it is possible to approximate the real part of the refractive index by a curve which gives the best fit to the experimental data over the range of wavelengths of interest. The index would be in the range 1.85-2.0 for the wavelengths we study. For simplicity we take nominal values for the real n (r) dep = 1.95 and the imaginary n (i) dep = 0.001 parts of the refractive index of the sulphur, and ignore dispersion.
Modal Analysis
The variation between the core and cladding indices is small, so we can use the weak-guidance approximation in order to determine the modal fields and propagation constants [2,Ch. 13]. Although the coating index is somewhat larger than that of the cladding, for the purposes of our approximate model, it is adequate to use the same approximation for the coating region.
Local Modes
As explained above, it is possible to calculate the local modes of the guiding subprofiles of our structure and then predict resonances using the results of mode coupling. These subprofiles are shown in Figs. 3 and 4 . Details of the methods involved in these calculations can be found in [3] . Fig. 5 shows the spectral variation of the effective index of the fundamental 'core' mode and of the adjacent coating-layer modes of the taper structure for a range of values of σ, the normalised outer radius of the cladding. We note that the effective indices of the coating modes are insensitive to the parameter σ on the scale of this plot. In other words, the effective index values are determined predominantly by the normalised thickness of the coating layer (τ − σ) rather than its normalised inner radius (σ), down to very small radii. Fig. 6 shows the spectral variation of the effective index of the second 'core' mode and of adjacent antisymmetric coating-layer modes. We see a similar trend to the fundamental mode plot above the cladding index. The second mode can be followed beyond the traditional cutoff at the cladding index, however, since we have considered a guiding subprofile which extends out to air (Fig. 3) . Below the cladding index value, the effective indices for different values of σ separate. This is due to the fact that the continuation of the coating mode effective indices below the cladding index cross 'cladding' modes which are sensitive to the normalised cladding radius σ. At the intersection of these modes we see a process analogous to that described in [3] for the modes of a depressed-cladding fibre below the cladding index. The continuation of the 'coating' modes can be found by following the mode of the next lowest 'coating' mode to the point where it effectively swaps over from the previous mode. The resonances in local mode coupling are therefore still expected to occur, but if the effective index of the second mode decreases below the cladding index (i.e. it is cutoff), then it is possible for there to be no effective resonance for some values of the parameter σ.
It is noted in Figs. 5 and 6 that the curves for the axisymmetric and antisymmetric 'coating' modes coincide very closely. This can be explained in terms of the asymptotic behaviour of the Bessel functions. For large parameters values, the first and second order Bessel functions approximate to the same sinusoidal function, and so we would expect the effective indices of the corresponding modes of each symmetry to coincide. Since the 'coating' modes cross the 'core' modes at a large angle, we see that resonances are expected at approximately the same frequency for the fundamental and second modes. Closer inspection reveals that the peak for the second 'core' mode is slightly to the left of that for the fundamental.
The results obtained in this section lead to the conclusion that we expect sharp resonances in the transmission spectrum of the sensor, even though it has a tapered profile and higher-order core modes may be present. Put another way, the resonance is insensitive to the cladding radius (σ) and to the azimuthal symmetry.
Local Supermodes
For reasons given in the introduction, we now put aside the modes of the subprofiles of the sensor in favour of the supermodes, which are the modes of the complete waveguide structure. In the case of longitudinally invariant fibre, these supermodes are orthogonal and no coupling will occur between them. As we quantify later, the tapering of the cladding leads to some coupling between these supermodes.
Firstly, we give the derivation of the supermodes of the uniform fibre. In the weak-guidance approximation, the scalar transverse electric field of each supermode is expressible in the separable form E(r, z) = ψ(r, φ) exp (iβz)
where r is the radial coordinate relative to the fibre axis, φ is the azimuthal angle, β is the supermode propagation constant, and ψ(r, ψ) is a bound solution of the scalar wave equation (4).
where the wavenumber k = 2π/λ, λ is the source wavelength, and n(r) denotes the radially symmetric refractive index profile of the complete structure.
The supermode fields are constructed from the bound solutions of this equation in each region of the profile, and continuity of the field and its first derivatives at every interface across the fibre, including the jacket-air interface, gives the eigenvalue equation for the propagation constant. The detailed derivation for each supermode is very similar to that given in [3] . Within the coating region, the refractive index is assumed real when solving the eigenvalue equation, and so the calculated propagation constants are also real. The effect of the small imaginary part of the index in the coating on each supermode is regarded as a perturbation, introducing a small imaginary part to its propagation constant, as described in [3] . To generalise these results to local supermodes, the representation of the transverse electric field in Eq. 3 is modified to
whereψ(r, φ) denotes the orthonormal form of the transverse field, i.e. with unit normalisation, and the integral denotes the accumulated phase along the length of the taper, since the local propagation constant now varies with the cross-section.
Coupling of Local Supermodes
When the core-cladding region of the fibre is single-moded, the fundamental mode is axisymmetric, 
where β n = β n (z) is the complex propagation constant of the n'th supermode, and
is the coupling coefficient between the m'th and n'th local supermodes as defined by [2,Ch. 28]
where k is the wavenumber, ǫ 0 is the permittivity of free space, µ 0 is the permeability of free space, n med is the refractive index profile of the taper, and the integration is over the infinite cross-section (A ∞ ) of the tapered fibre and coating.ψ n,m =ψ n,m (r, φ, z) represents the local supermode field.
For the piecewise step-profile taper, this equation reduces [2, Ch. 28.7] to
where σ = σ(z) and τ = τ (z) are the normalised transverse distances to the cladding-coating interface and the coating-air interface, respectively, as shown in Fig 2, and
The amplitudes of each of the N bound supermodes will vary with z according to Eq. 6, and the system is described by a set of N coupled local supermode equations. These equations can be integrated along the length of the taper.
For the present case, tapering of the fibre sensor is very gradual and approximately adiabatic.
Thus none of the power in any supermode couples to other supermodes. This allows us to make the simplifying approximation that C mn = 0 for all m and n, hence decoupling the supermodes.
The simplified equation for the amplitude of each supermode becomes
Note that Eq. 5 is just the integrated form of this equation. The taper is essentially adiabatic, and the system can be considered as an analogue of a highly asymmetric single to multimode core coupler.
Our method of analysis is now as follows. The local supermode fields,ψ n , and their (complex)
propagation constants, β n , are determined at the start of the taper, z = 0. An overlap integral with the Gaussian source described in section 2.1 is then used to calculate the excitation of each supermode, b n (0). Equation 10 is integrated numerically along the length of the sensor for each supermode amplitude, and the total power at distance z along the device, P(z), can obtained by summing the power in all supermodes
To obtain the total power guided in core region we can include a term related to the field distribution of each local supermode. Clearly, the total number of local supermodes at the input, where the cladding region is thickest, is larger than at the mid-point of the taper. The effective index of each supermode decreases as the cladding becomes thinner, and, if it falls to the refractive index of air (1.0), the supermode is no longer guided and its power radiates away. Supermodes which are cutoff in this manner, however, carry negligible power. The transmission characteristics of the device are therefore determined from Eq. 11, but with a summation only over the supermodes which are not cutoff in the central region of the sensor. Typically, for the device described here, there are 5-10 such supermodes.
Numerical Solution
Propagation along the tapered fibre can also be determined numerically using a finite difference (FD) scheme, as described in [6] . This procedure integrates the scalar wave equation along the complete length of the taper for an input condition of the form described in section 2.1. In this analysis, the transverse field is set to zero beyond a small, fixed distance from the coating-air boundary.
successive resonances were found to be equidistant in frequency (similar to the peaks in a FabryPerot interferometer). Fig. 7 shows the results of the local supermode analysis for the core-guided supermodes, and Fig. 8 shows the results of the FD scheme analysis for both axisymmetric and antisymmetric excitation.
Several trends can be noted from these plots. Firstly, the peaks in the attenuation of the antisymmetric power coincide very closely with those of the axisymmetric core-guided supermode (the peak for the antisymmetric supermode being slightly displaced to the left). This is as one would expect from the discussion of Section 3.1.
Secondly, the agreement between the local supermode analysis and the finite differences scheme is very good throughout the frequency range of the results, with a slight broadening of peak being attributable to the discretisation in the FD scheme.
Finally, at lower frequencies, the antisymmetric supermode effective index is below that of the cladding. In classical waveguide optics the fibre mode would be cutoff, and the peak in attenuation of the antisymmetric mode at 460THz is much broader than at 660THz as a result of the loss of guidance associated with this cutoff. It is worth noting that we can still model the supermode in this regime because the taper structure is surrounded by air, and so can guide at effective indices below the cladding index, but above that of air. In this regime, the superposition of the supermodes provides an analogue of a leaky mode [3] .
We can compare these results with the experimental results. Fig. 9 shows the spectral response of the taper at a fixed time in the deposition process. The broadness of the peaks is attributed to a lack of uniformity in the sulphur film. Deposition is likely to have occurred preferentially on one side of the taper due to the geometry of the discharge apparatus. On the other hand, the positions of the absorption peaks in Fig. 9 coincide well with those for the theoretical analysis.
Sharp selective behaviour has been experimentally verified on bent fibres polished to the core on the convex side of the bend, on which a ZnS film is deposited [7] . We expect that the theoretically predicted sharp absorption peaks could be observed in this experiment with a more even deposition process. A calibrated tapered fibre could then be used to monitor the thickness of the film to a high degree of accuracy.
Conclusions
We have developed a simple local supermode analysis for studying propagation in tapered single mode fibres and the coupling of core modal power to higher-index, lossy coatings. The method was applied to a tapered single-mode fibre sensor with a thin coating of sulphur, and the results were found to be compatible with experimental measurements. The tapered structure shows a wavelength-selective behaviour which could be exploited in optical fibre sensing. The position of the sharp absorption peaks depends primarily on the thickness of the sulphur layer, while being relatively insensitive to the taper geometry. This last characteristic would result in a high manufacturing tolerance. 
